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In this paper we study dynamical chiral symmetry breaking of a generic quantum field theoretical
model with global SU(2)A × SU(2)V × U(1)V symmetry. By purely algebraic means we analyze
the vacuum structure for different symmetry breaking schemes and show explicitly how the ensuing
non-trivial flavor vacuum condensate characterizes the phenomenon of field mixing. In addition,
with the help of Ward–Takahashi identities we demonstrate the emergence of the correct number of
Nambu–Goldstone modes in the physical spectrum.
I. INTRODUCTION
Particle mixing represents one of the most exciting topics in modern theoretical and experimental physics [1].
The mechanism of quark mixing was theoretically first described by Cabibbo [2] in 1960’s and by Kobayashi and
Maskawa [3] in the early 1970’s. Neutrino mixing was formulated, in parallel, by Pontecorvo [4] and by Maki,
Nakagawa, and Sakata [5].
Particle mixing can be treated from various standpoints. The most common description is in the framework of
quantum mechanics [1, 4]. More modern approaches to mixing involve both perturbative [6] and non-perturbative
quantum field theoretical (QFT) methods [7]. The basic features of a non-perturbative treatment of flavor mixing
in the QFT framework were first exploited in Ref. [8] and consequently discussed in many subsequent papers (see
e.g. Ref. [7]). There, it was observed that field mixing is not the same as wave-function (i.e., first-quantized) mixing
and, in fact, corrections to neutrino oscillation formula were found in the QFT setting [9, 10]. The origin of these
discrepancies can be retraced to the non-trivial nature of the mixing transformation [11], which implies a rich structure
of the flavor vacuum, characterized by a condensate of fermion-antifermion pairs [8]. Similar, but not identical, results
were previously obtained in the context of grand unified theories [12].
In Ref. [13], it was proved that flavor vacuum structure can arise as a solution when mixing is dynamically generated
by an effective four-fermion interaction, within a string inspired scenario. In that context four-fermion interaction
appears as a consequence of string scattering with point-like brane defects in the structure of space-time. It is
important to note that flavor was not preserved during such a scattering, which leads to a flavor mixing of the
outgoing states. In Ref. [14], where the Nambu–Jona Lasinio model [15] was studied, similar results were also found.
In this paper, we show that a similar vacuum structure naturally appears when mixing is dynamically generated,
from an algebraic (and hence manifestly non-perturbative) point of view. In fact, the only requirement we enforce in
our considerations is the invariance of the Lagrangian under the global SU(2)V ×SU(2)A×U(1)V symmetry. The idea
is to analyze symmetry-breaking schemes that are pertinent for the dynamical generation of masses and, in particular,
field mixing. We envisage that a particular breaking scheme is realized via spontaneous symmetry breaking (SSB)
phase transition whose pattern is dictated by the potential-energy term in the original or effective-action Lagrangian.
In fact, the specific form of the potential is immaterial for our description. Apart from discussing explicit structural
forms of broken-phase vacua we also show how the correct number of Nambu–Goldstone (NG) bosons appears in the
physical spectrum of the full theory. It turns out that the presence of fermion-antifermion pairs with different masses
is a necessary condition, in order to dynamically generate mixing in the present context.
In contrast to most of the works on dynamical generation of masses and mixing [16, 17], this paper is primarily
devoted to a study of general algebraic aspects of field mixing and vacuum structure rather than to phenomenological
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2issues. We stress that the results and methods used in this work have not appeared in the previous literature on
dynamical mixing generation.
The paper is organized as follows: in Section II we review all possible ways in which chiral-charge conservation
can be explicitly broken when a generic mass-matrix term is added to a chirally symmetric action. In Section III we
formulate the Ward–Takahashi (WT) identities for three quintessential chiral SSB schemes. This is done with the
help of the so-called Umezawa’s ε-term prescription [18, 19]. In doing so we demonstrate that in order to generate
mixing dynamically: a) the residual U(1)V ×U(1)mV symmetry, encountered on the classical level, must be dynamically
broken by flavor vacuum condensate, b) in this respect, SSB must happen in two sequential steps. In Section IV, we
use the mean field approximation (MFA) to prove how the aforementioned vacua are algebraically related to masses
and mixing generators and we recover flavor vacuum from Refs. [7, 8, 11, 13]. Various remarks and generalizations
are addressed in the concluding Section V. Finally, in Appendix A, for reader convenience, we review the proof of
WT identities with ε-term prescription, while in Appendix B and C we discuss further technical issues related to
Section III.
II. EXPLICIT CHIRAL SYMMETRY BREAKING AND FERMION MIXING
Let us consider the Lagrangian density L that is invariant under the global chiral-flavor group G = SU(2)A ×
SU(2)V × U(1)V . Let the fermion field be a flavor doublet
ψ =
[
ψ˜1
ψ˜2
]
. (1)
Under a generic chiral-group transformation g, the field ψ transforms to ψ′ where [20]
ψ′ = gψ = exp
[
i
(
φ+ ω · σ
2
+ ω5 · σ
2
γ5
)]
ψ . (2)
Here σj , j = 1, 2, 3 are the Pauli matrices and φ,ω, ω5 are real-valued transformation parameters of G. Noether’s
theorem implies the conserved currents
Jµ = ψγµψ , (3)
Jµ = ψγµ
σ
2
ψ , (4)
J
µ
5 = ψγ
µγ5
σ
2
ψ , (5)
and the ensuing conserved charges
Q =
∫
d3xψ†ψ , (6)
Q =
∫
d3xψ†
σ
2
ψ , (7)
Q5 =
∫
d3xψ†
σ
2
γ5ψ . (8)
From these we recover the Lie algebra of the chiral-flavor group G, i.e.
[Qi, Qj ] = i εijkQk , [Qi, Q5,j] = i εijkQ5,k , [Q5,i, Q5,j] = i εijkQk , [Q,Q5,j] = [Q,Qj] = 0 . (9)
Here i, j, k = 1, 2, 3 and εijk is the Levi-Civita pseudo-tensor.
For massless fermions the Lagrangian is invariant under both the flavor and axial flavor transformations. The chiral
symmetry is explicitly broken when a mass term
LM = −ψMψ , (10)
is added to L. In fact, one can easily verify, that [20]
∂µJ
µ = 0 , ∂µJ
µ =
i
2
ψ [M,σ] ψ , ∂µJ
µ
5 =
i
2
ψγ5 {M,σ}ψ . (11)
3Note, that these relations do not presuppose any specific form of the original chirally symmetric action. We now
demonstrate how particular choices of the mass matrixM can affect the structure of the residual (unbroken) subgroup.
i) Let M = m01I where 1I is the identity matrix, then (11) reduces to
∂µJ
µ = ∂µJ
µ = 0 , ∂µJ
µ
5 = im0ψ γ5 σψ , (12)
i.e., the scalar and vector currents remain conserved and the broken-phase symmetry is H = U(2)V .
ii) If M = m01I +m3 σ3, then Noether currents satisfy
∂µJ
µ = ∂µJ
µ
3 = 0 , ∂µJ
µ
1 = −m3ψ σ2 ψ , ∂µJµ2 = m3ψ σ1ψ , ∂µJµ5 6= 0 , (13)
thus reducing the residual symmetry to H = U(1)V ×U(1)3V where U(1)3V represents transformations generated by Q3.
iii) Finally we consider M = m01I +m3σ3 +m1σ1 +m2σ2. In this case Eq. (11) yields
∂µJ
µ = 0 , ∂µJ
µ
5 6= 0 , (14)
∂µJ
µ
1 = ψ (m2 σ3 −m3 σ2) ψ , (15)
∂µJ
µ
2 = −ψ (m1σ3 − m3σ1) ψ , (16)
∂µJ
µ
3 = ψ (m1σ2 −m2σ1) ψ , . (17)
It might seem that the residual symmetry is then H = U(1)V which is associated with the charge Q. Roˆle of this
symmetry can be understood by considering the flavor-charges [10]
Q
I
≡ 1
2
Q + Q3 , QII ≡
1
2
Q − Q3 , (18)
where the total flavor-charge is Q = Q
I
+ Q
II
. However, let us observe that from Eqs.(15)-(17) there is yet another
conserved current, namely
Jµ
m
≡
3∑
k=1
mk J
µ
k , (19)
and an ensuing conserved charge Qm =
∑3
k=1mkQk, where m = (m1,m2,m3). For a future convenience we denote
this residual symmetry as U(1)V ×U(1)mV . Actually this is isomorphic to U(1)V ×U(1)3V , encountered in the case ii).
However, in the following sections we will see that the classical Noether’s charge Qm is dynamically broken by the
flavor vacuum condensate, while the charge Q will still remain conserved. Hence the only residual symmetry at QFT
level will be U(1)V . This is indeed compatible with the experimental observation that, for neutrino oscillation, only
a single charge (total flavor) is conserved [21]. In the case of neutrinos [10, 22], a charged current term is present in
the Lagrangian, which is not invariant under the transformation generated by Qm.
III. DYNAMICAL GENERATION OF MASSES AND MIXING
In the last Section we reviewed how the mass generation and mixing phenomena are characterized by the residual
symmetry. The subsequent considerations will be done in a full QFT framework.
To proceed, let us recall [20, 23] that the key signature of SSB is the existence of some local operator(s) φ(x) so
that on the vacuum |Ω〉.
〈[Ni, φ(0)]〉 = 〈ϕi(0)〉 ≡ vi 6= 0 , (20)
where 〈. . .〉 ≡ 〈Ω| . . . |Ω〉. Here vi are the order parameters and Ni represent group generators from the quotient space
G/H . In our case Ni will be given by Q and Q5 according to the chosen SSB scheme.
By analogy with quark condensation in QCD [16, 20], we will limit our considerations to order parameters that are
condensates of fermion-antifermion pairs. To this end we introduce the following composite operators
Φk = ψ σk ψ , Φ
5
k = ψ σk γ5ψ , σ0 ≡ 1I , (21)
4with k = 0, 1, 2, 3. For simplicity we now assume 〈Φ5〉 = 0. This hypothesis does not affect our reasoning.
Let us now look in some detail at three SSB schemes G→ H outlined in Section II.
i) SSB sequence corresponding to a single mass generation is [19, 20]
SU(2)A × SU(2)V × U(1)V −→ SU(2)V × U(1)V . (22)
Note that H ∼ U(2)V . The broken-phase symmetry (which corresponds to dynamically generated mass matrix
M = m01I) is characterized by the order parameter
〈Φ0〉 = v0 6= 0 , 〈Φk〉 = 0 , k = 1, 2, 3 . (23)
One can easily check that this is invariant under the residual group H but not under the full chiral group G.
In order to discuss the NG modes it is convenient employ the WT identity (A10) within the ε-prescription (A9),
by taking Lε = εΦ0. We thus find WT identity (A10) in the form (see Ref. [19] and A for the derivation):
i v0 = lim
ε→0
ε
∫
d4y
〈
T
[
Φ5k(y)Φ
5
k(0)
]〉
, (24)
where k = 1, 2, 3. Because the LHS differs from zero, the Ka¨lle´n–Lehmann spectral representation of RHS implies
that quantity ερ(k = 0,mk)/m
2
k (ρ is spectral distribution) is non-vanishing for ε → 0 and thus masses m2k ∝ ε
(k = 1, 2, 3) due to positive definiteness of ρ. This is the NG theorem, which states that the expression of Φ5k in the
physical states representation, called dynamical map or Haag expansion [18, 24], will contain the gapless NG fields as
linear terms [18]:
Φ5k(x) =
√
Zϕ5
k
ϕ5k(x) + . . . , k = 1, 2, 3 . (25)
where Zϕ5
k
are the field renormalization constant and ϕ5k are the NG fields. Note that we have three NG fields which
equals to dim(G/H).
ii) As a second case we consider the SSB pattern
SU(2)A × SU(2)V × U(1)V −→ U(1)V × U(1)3V , (26)
which is responsible for the dynamical generation of different masses. In this case the order parameters take the form
〈Φ0〉 = v0 6= 0 , 〈Φ3〉 = v3 6= 0 . (27)
The corresponding ε-term prescription has now the form Lε = ε(Φ0 + Φ3). By setting N = {Q1, Q2,Q5} we obtain
δ1(2)Φ3 = Φ2(−Φ1), and δ21(2)Φ3 = −Φ3 and hence the WT identities (A8) boil down to
i v3 = − lim
ε→0
ε
∫
d4y 〈T [Φk(y)Φk(0)]〉 , k = 1, 2 . (28)
This gives two NG modes. Moreover, Eq. (24) for Φ51 and Φ
5
2 still hold, yielding another two NG fields. Finally, when
δ5,3 is applied to Φ0 +Φ3 we get
i(v3 + v0) = lim
ε→0
ε
∫
d4y 〈T [(Φ53(y) + Φ50(y))(Φ53(0) + Φ50(0))]〉. (29)
Hence, the dynamical maps of Φ1,Φ2,Φ
5
1,Φ
5
2 and Φ
5
3 + Φ
5
0 will contain NG fields as linear terms in their Haag
expansion. The number of NG fields is now five which coincides with dim(G/H) = dim(G)− dim(U(1)V × U(1)3V ).
iii) Finally, we consider the SSB scheme
SU(2)A × SU(2)V × U(1)V −→ U(1)V × U(1)3V −→ U(1)V , (30)
which is responsible for the dynamical generation of field mixing. In Appendix we show that dynamically generation
of mixing cannot occur in the breaking scheme SU(2)A×SU(2)V ×U(1)V → U(1)V ×U(1)mV , as it could be expected
from point iii) in Section II.
5Let us introduce
Φk,m = ψ σk ψ , k = 1, 2, 3 , (31)
where m indicates that ψ is now a doublet of fields ψ = [ψ1 ψ2]
T
in the mass basis. The SSB condition now reads
〈Φ1,m〉 ≡ v1,m 6= 0 . (32)
Hence we find that a necessary condition for a dynamical generation of field mixing within chiral symmetric systems,
is the presence of exotic pairs in the vacuum, made up by fermions and antifermions with different masses [33]:
〈ψi(x)ψj(x)〉 6= 0 , i 6= j . (33)
In other words, field mixing requires mixing at the level of the vacuum condensate structure. This conclusion is
consistent with analogous results obtained in the context of QFT treatment of neutrino oscillations, in which case a
flavor vacuum has the structure of a non-trivial condensate [7, 8, 11]. Moreover, this is an agreement with Ref. [13],
where, as previously mentioned, this structure is recovered via dynamical symmetry breaking in a specific effective
model generated by string-brane scattering. We remark that our result is basically model independent (the only
assumption made was the global chiral symmetry), and has a non-perturbative nature. In the next section we
will see that in the mean-field approximation the vacuum condensate responsible for (32) formally resembles the
aforementioned flavor vacuum structure.
To write down the WT identity we add the ε-term
Leffε (x) = εΦ1,m(x) , (34)
to Leff , which denotes the effective mass-fields Lagrangian that emerges after the SSB SU(2)A × SU(2)V ×U(1)V →
U(1)V × U(1)3V . We thus get
i v1,m = − lim
ε→0
ε
∫
d4y 〈T [Φ2,m(y)Φ2,m(0)]〉 . (35)
This implies a new NG field, which appears linearly in the dynamical map of Φ2,m. Consequently, the above two-stage
SSB generates 6 NG fields.
IV. MIXING AND BOGOLIUBOV TRANSFORMATIONS
It is well known [20] that the manifold of degenerate ground states in the broken phase — ordered-phase vacuum
manifold, is isomorphic to the quotient space G/H . We might, thus employ Perelomov group-related coherent states
(CS) [25] to find an explicit representation of the ensuing vacuum manifold and to carry out quantization via coherent-
state functional integrals [26]. The form of the interaction part of the Lagrangian would be then reflected in the way the
renormalized parameters and fields in the CS run with the renormalization scale. This complicated model-dependent
task can often be conveniently bypassed by the mean-field approximation (MFA). In the MFA, only quadratic operators
in the Lagrangian are considered to be relevant for the description of the phase transition [20, 27].
In the present case the symmetric-phase quasi-fields ψ˜1, ψ˜2 are massless and have a simple mode expansion
ψ˜j(x) =
1√
V
∑
k,r
(
u˜r
k,je
−i|k|tα˜r
k,j + v˜
r
−k,je
i|k|tβ˜r†−k,j
)
eik·x , (36)
where j = 1, 2 and u˜r
k,j, v˜
r
−k,j are massless spinors. In (36) we employed the box regularization, i.e., we enclosed
our system in a box of volume V . Operators α˜r
k,j and β˜
r
k,j annihilate the corresponding (fiducial) vacuum |0〉 —
symmetric-phase mean-field vacuum. By assuming the validity of MFA we can employ existing techniques and results
involving Bogoliubov transformations [18, 20] to discuss the structure of vacuum manifolds in our three SSB schemes.
i) As shown, e.g., in Refs. [11, 20, 27], the MFA vacuum for fields with dynamically generated mass can be expressed,
in terms of |0〉, as[34]
|0〉m =
∏
i=1,2
∏
k,r
(
cosΘk − ηr sinΘkα˜r†k,iβ˜r†−k,i
)
|0〉 = B(m)|0〉 , (37)
6with Θk =
1
2 cot
−1 (|k|/m) and ηr = (−1)r. Here m is the physical mass and
B(m) = B1(m)B2(m) , (38)
where B1(m) and B2(m) are generators of Bogoliubov transformations, i.e.
Bj(m) = exp

∑
k,r
Θk η
r
(
α˜r
k,j β˜
r
−k,j − β˜r†−k,jα˜r†k,j
) , (39)
with j = 1, 2. Above |0〉m together with (23) yield, in the large volume limit, the order parameter
v0 = 2
∫
d3k sin 2Θk . (40)
ii) Dynamical generation of different masses follows from a simple generalization of (37). In fact, it is easy to check
that the mass vacuum has the form
|0〉1,2=
∏
j=1,2
∏
k,r
(
cosΘk,j − ηr sinΘk,jα˜r†k,j β˜r†−k,j
)
|0〉 = B(m1,m2)|0〉 . (41)
Here Θk,j =
1
2 cot
−1 (|k|/mj) , j = 1, 2. Generator B(m1,m2) factorizes again to the product of two Bogoliubov
transformations:
B(m1,m2) = B1(m1)B2(m2) . (42)
The ladder operators of massive fields can now be defined as (cf. e.g. Ref. [11])
αr
k,j = cosΘk,jα˜
r
k,j + η
r sinΘk,j β˜
r†
−k,j , (43)
βr−k,j = cosΘk,j β˜
r
−k,j − ηr sinΘk,jα˜r†k,j , (44)
with j = 1, 2. In terms of these, we can expand the massive fields, as
ψj(x) =
1√
V
∑
k,r
(
ur
k,je
−iωk,jtαr
k,j + v
r
−k,je
iωk,jtβr†−k,j
)
eik·x , (45)
where j = 1, 2 and ωk,j =
√
|k|2 +m2j . The order parameters (27) are now
v0 =
∑
j=1,2
∫
d3k sin 2Θk,j , (46)
v3 =
∫
d3k sin 2Θk,1 −
∫
d3k sin 2Θk,2 . (47)
iii) The broken-phase MFA vacuum for the dynamical mixing generation has to be constructed on the mass vacuum
of case ii), according to Eq.(30). As known (cf., e.g., Ref. [7]), the relation between flavor and mass vacua can be
written in the form:
|0〉e,µ = G−1θ (0)|0〉1,2 , (48)
with the generator
Gθ(t) = exp
[∫
d3x
(
ψ˜†1(x) ψ˜2(x) − ψ˜†2(x) ψ˜1(x)
)]
. (49)
Here, we have used the sub-index “e, µ” for the flavor vacuum in order to stay as close as possible to the usual notation
used, for instance, in neutrino mixing physics, see, e.g. Ref. [28]. The flavor fields can now be written as
ψe(x) = cos θ ψ1(x) + sin θ ψ2(x) , (50)
ψµ(x) = − sin θ ψ1(x) + cos θ ψ2(x) . (51)
7The state |0〉eµ, for θ 6= 0 can be explicitly written as [8]:
|0〉e,µ =
∏
k
∏
r
[
(1 − sin2 θ V 2
k
)− ηr sin θ cos θ Vk(αr†k,1βr†−k,2 + αr†k,2βr†−k,1)
+ηr sin2 θ VkUk(α
r†
k,1β
r†
−k,1 − αr†k,2βr†−k,2) + sin2 θ V 2k αr†k,1βr†−k,2αr†k,2βr†−k,1
]
|0〉1,2 , (52)
where
Uk = Ak
(
1 +
|k|2
(ωk,1 +m1) (ωk,2 +m2)
)
, Vk = Ak
( |k|
ωk,1 +m1
− |k|
ωk,2 +m2
)
, (53)
with Ak =
√
(ωk,1+m1)(ωk,2+m2)
4ωk,1ωk,2
. This is exactly the flavor vacuum [7, 8, 11, 22].
The order parameter (32) assumes now the form
v1,m = 2 sin 2θ
∫
d3k
(
m2
ωk,2
− m1
ωk,1
)
. (54)
Notice that the vacuum |0〉e,µ which is responsible for a dynamically generated mixing contains an exotic condensate
of fermion-antifermion pairs by fields of a different type, in accord with the results of Ref. [13, 14].
V. CONCLUSIONS AND DISCUSSION
In this paper we have discussed three types of dynamical symmetry-breaking schemes for a generic Lagrangian
density with G = SU(2)A × SU(2)V × U(1)V chiral symmetry: i) G → U(2)V , ii) G → U(1)V × U(1)3V and iii)
the two-step SSB G → U(1)V × U(1)3V → U(1)V . We demonstrated that those three breaking schemes lead to: i)
dynamically generated single mass for a doublet field, ii) dynamically generated two different masses for the doublet
fields (without mixing) and iii) dynamically generated mixing among the doublet fields.
Our analysis was based on an algebraic and hence manifestly non-perturbative point of view. In particular, we
employed Umezawa’s ε-term prescription alongside with WT identities for SSB to gain information about NG bosons
and ensuing set of ground states. The explicit form of the ground states that are responsible for dynamical generation
of masses and field mixing was obtained in MFA where they were phrased in terms of generators of Bogoliubov
transformations acting on fiducial vacuum states.
Our key finding is that the vacuum state, responsible for dynamical mixing generation, yields the same condensate
structure of the flavor vacuum as known from the study of neutrino oscillations, cf., e.g., Refs. [7, 8, 11, 22]. In
particular, we have shown that in order to dynamically generate mixing, within our class of models, the classical
residual symmetry U(1)V ×U(1)mV that responsible for the mixing must be anomalous (only U(1)V symmetry survives
quantization), on the account of the flavor vacuum condensate. Hence we demonstrate that flavor mixing is inherently
quantum phenomenon, which is in line with observation that flavor mixing and oscillations can be equivalently
described in terms of entanglement [29].
Let us finally add some comments. A common feature of SSB is the appearance of topological defects [18]. The
number of such defects is related to the quench time of SSB in which they are formed via the Kibble–Zurek mech-
anism [30]. On the other hand, type of defects in 3-D configuration space is determined by a non-trivial homotopy
group πn(G/H) (n = 0, 1, 2). By analogy with condensed matter systems we might expect that defects formed might
provide an important observational handle on the dynamics of the mixing-related SSB transition.
It is known [31] that Lorentz symmetry may be spontaneously broken by the flavor vacuum, in the sense that
the corresponding dispersion relations of states constructed as Fock excitations of the flavor vacuum are modified as
compared to the standard Lorentz covariant ones. In this sense, one can discuss flavor mixing in a fixed frame, such as
finite temperature situations, which break Lorentz symmetry. In such a context, the considerations in this work could
imply in principle dynamical generation of a vacuum expectation value of chiral currents. This is nothing other than
a chiral chemical potential, whose presence in the case of quarks in finite temperature QCD can lead to interesting
effects, such as the chiral magnetic effect [32].
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8Appendix A: Ward–Takahashi identities and Umezawa’s ε-term prescription
Here we briefly review the proof of Ward–Takahashi identities with the Umezawa’s ε-term prescription [18]. To this
end, we consider the n-point Green’s function (possible internal indexes are suppressed)
Gn(x1, x2, . . . , xn) = 〈T[φ(x1)φ(x2) . . . φ(xn)]〉 . (A1)
By employing the fact that φ transforms under the influence of group generators N1, N2, . . . Nn as
φ′(x) = φ(x) + δφ(x) , δφ(x) =
n∑
k=1
ǫkδkφ(x) , (A2)
with
δkφ(x) ≡ i [Nk, φ(x)] , (A3)
one can show that [18]
∂
∂t
〈T[N(t)φ(x1)φ(x2) . . . φ(xn)]〉 =
n∑
j=1
δ(t− tj)〈T[φ(x1) . . . [N(t) , φ(xj)] . . . φ(xn)]〉
+ 〈T
[
N˙(t)φ(x1)φ(x2) . . . φ(xn)
]
〉 , (A4)
with
N(t) ≡
n∑
k=1
ǫkNk(t) . (A5)
By employing Noether’s theorem in the form [18, 20]
N˙(t) =
∫
d3x δL(x) . (A6)
we can write
∂
∂t
〈T[N(t)φ(x1)φ(x2) . . . φ(xn)]〉 = −i
n∑
j=1
δ(t− tj)〈T[φ(x1) . . . δφ(xj) . . . φ(xn)]〉
+
∫
d3x 〈T[δL(x)φ(x1)φ(x2) . . . φ(xn)]〉 . (A7)
Let us now integrate both sides of (A7) for t ∈ (−∞,∞). This gives
i
n∑
j=1
〈T[φ(x1) . . . δφ(xj) . . . φ(xn)]〉 =
∫
d4x 〈T[δL(x)φ(x1)φ(x2) , . . . φ(xn)]〉 , (A8)
which is the form of the Ward–Takahashi identity employed in the main text. Note that the integral of the LHS of
Eq. (A7) could not vanish if in the spectrum would be present infinite range correlations, as those due to the NG
modes in SSB. To avoid this technical difficulty we employ Umezawa’s ε-term prescription [18, 19], i.e., we add to L
an explicit breaking term
Lε(x) = εΦ(x) . (A9)
where Φ is an order-parameter operator characterizing a particular SSB scheme. At the end of calculations the limit
ε→ 0 has to be taken, after the thermodynamical limit.
As an illustration we now sketch the derivation of Eq. (24). The other relations follow in a similar way. If we take
n = 1:
i〈δφ(0)〉 =
∫
d4y 〈T [δL(y)φ(0)]〉 , (A10)
9In particular we will choose φ = δΦ, so that:
i〈δ2Φ(0)〉 = lim
ε→0
ε
∫
d4y 〈T [δΦ(y)δΦ(0)]〉 . (A11)
If we take Nk = Q5,k, Φ = Φ0 and φ = δ5,kΦ0, with k = 1, 2, 3 we get
i〈δ25,kΦ0〉 = lim
ε→0
ε
∫
d4y 〈T [δ5,kΦ0(y) δ5,kΦ0(0)]〉 . (A12)
Because δ5,kΦ0 = −iΦ5k and δ25,kΦ0 = −Φ0, we finally arrive at Eq. (24).
Appendix B: Note on SSB scheme U(2)V × SU(2)A → U(1)V × U(1)
m
V
Let consider the SSB scheme
SU(2)A × SU(2)V × U(1)V −→ U(1)V × U(1)mV , (B1)
which would correspond to mixing generation according to classical reasonings presented in Section II. This SSB
scheme is characterized by the order parameters
〈Φk〉 = vk 6= 0 , k = 0, 1, 2, 3 . (B2)
The ε-term prescription assumes now the form Lε = ε
∑3
k=0 Φk. It is easy to check that Eqs. (24), (28) and (29) have
to be replaced by
i(v0 + vk) = lim
ε→0
ε
∫
d4y 〈T [(Φ5k(y) + Φ50(y))(Φ5k(0) + Φ50(0))〉 ,
−i(v2 + vj) = lim
ε→0
ε
∫
d4y 〈T [(Φ2(y)− Φj(y))(Φ2(0)− Φj(0))]〉 ,
−i(v1 + v3) = lim
ε→0
ε
∫
d4y 〈T [(Φ1(y)− Φ3(y))(Φ1(0)− Φ3(0))]〉 , (B3)
with k = 1, 2, 3 and j = 1, 3. Consequently, the NG modes will be associated with following fields: Φ2−Φ3, Φ1 −Φ3,
Φ52 +Φ
5
0, Φ
5
1 +Φ
5
0 and Φ
5
3 +Φ
5
0. The number of NG modes is thus 5 which coincides with dim(G/H). Evidently this
SSB pattern cannot describe dynamical mixing generation because it is equivalent to the case ii) of Section III.
Appendix C: Table of first variations
Below we list the first variations of composite operators introduced in Section III which are used in the main text:
Φˆ0 Φˆ1 Φˆ2 Φˆ3 Φˆ
5
0 Φˆ
5
1 Φˆ
5
2 Φˆ
5
3
δ0 0 0 0 0 0 0 0 0
δ1 0 0 −Φˆ3 Φˆ2 0 0 −Φˆ
5
3 Φˆ
5
2
δ2 0 Φˆ3 0 −Φˆ1 0 Φˆ
5
3 0 −Φˆ
5
1
δ3 0 −Φˆ2 Φˆ1 0 0 −Φˆ
5
2 Φˆ
5
1 0
δ5,0 −iΦˆ
5
0 −iΦˆ
5
1 −iΦˆ
5
2 −iΦˆ
5
3 −iΦˆ0 −iΦˆ1 −iΦˆ2 −iΦˆ3
δ5,1 −iΦˆ
5
1 −iΦˆ
5
0 0 0 −iΦˆ1 −iΦˆ0 0 0
δ5,2 −iΦˆ
5
2 0 −iΦˆ
5
0 0 −iΦˆ2 0 −iΦˆ0 0
δ5,3 −iΦˆ
5
3 0 0 −iΦˆ
5
0 −iΦˆ3 0 0 −iΦˆ0
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